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Abstract. In the paper we discuss the periodic orbits of maps connected with the
boundary logistic map. In consequence some new kind of the modified Chebyshev
polynomials is defined and intensively studied. Many fundamental relations for these
polynomials are presented and discussed. Concepts of the Chebyshev functions of any
real order are also introduced and compared with other parallel concepts.
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Organization of the paper

The paper is divided into three main sections completed by references and three
tables. The sections are:

1. Introduction — where besides the ideas and notations used in the paper also the
investigated polynomials are introduced. Background of the paper subject-matter
is presented as well.

2. Boundary logistic map (with coefficient 4) — in this section the periodic orbits
of two classes of maps

gw(T) = %x(élw —x), and hy(z) = — (2w — z)?
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are discussed. In the sequel we prove that both g,, and h,, possess 3-periodic orbits
for every w € C, w # 0, which implies that g,, and h,, are chaotic in the Li-Yorke
sense.

. New types of modified Chebyshev polynomials — in this section on the
grounds of discussion on the periodic orbits of polynomials g,, and h, the new
modified Chebyshev polynomials (perhaps the name “Chebyshev polynomials of
the fifth kind” would be the most appropriate here) are defined

Wi (2(z)) := A(nz) = 4T5(L;))

and

Vals(@)) = () = () U2, (42,
for every n € N, where ¢(z) := 2cos(z), s(x) := 2sin(x), T,,(x) and U, (x) denote
the n-th Chebyshev polynomials of the first and second kind, respectively (see
[17,21,22,29] for fundamental information about the Chebyshev polynomials).
A number of basic properties of these polynomials are also presented, including
the recurrence relations for W,, and V,,. Moreover, in Remark 3.2 we discuss some
analytical generalizations of the Chebyshev polynomials which we intend to use
for further investigations in a separate paper. The paper constitutes an essential
supplement for discussion started by the authors in papers [23,24, 31].

1. Introduction

In the paper we intend to discuss the periodic orbits of boundary logistic map. Main

role in discussion will be played by the following polynomials (see [30,33,35,37]):

p(X)=X? —3X+1= f[ (x - c(2k5)),
k=0
dX)=X3+X2_2X-1= f[ (X—c(2k0z)),
k=0
pea(X) = p(X —2) = X3 —6X2 49X — 1 = ﬁ (X— 02(2k5)),
k=0
psa(X) = —p(2—X)=X3 —6X2+9X — 3= f[ (X— 32(2%)),
k=0
gea(X) = q(X —2) =X* —FX2 46X — 1= f[ (X - cQ(Qka)),
k=0
gso(X) = —q(2 - X) = X3 —7X2 4+ 14X — 7 = f[ (X— 32(2%)).
k=0
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_2r pg._ 2r _2r s._2x _._ 2«
where o := =%, §:= 5. Furthermore v := 1T, 0 := 33, € := ¢ and

c(x) = 2cos(x) and s(z) := 2sin(x).

The above notation will be applied throughout the entire paper. In this connection
we obtain the following form of the known trigonometric identities

We also use the notation
—A:={-a:a€ A}

for every nonempty A C R.

Certainly, the problem of analytic description of such orbits in specific cases is
still interesting for us. It turned out that there exist several particular quadratic and
cubic polynomials, in case of which the analysis of their orbits is especially interesting
because it is connected, among others, with determination of some new sequences
of integers (associated with the length of appropriate orbits of given polynomials)
and new sequences of “modified” Chebyshev polynomials possessing the intriguing
properties. It seems that the obtained results are worth to be popularized for the
sake of their accessibility and creativity. This paper is a substantial suplement of
paper [32].

We say that n-periodic real orbit {z1,x2, ..., 2z, } of polynomial p € R[x] possesses
the trigonometric form if there exist aq,ag,...,a, € [0,27) such that z; = c(oy)
for every ¢ = 1,2,...,n. In particular, if there exist o € (0,27) and k € N such
that z; = c2(k' a) or x; = s?(k' a), respectively, for every i = 1,2,...,n, then orbit
{z1,22,..., 2y} will be called the n-periodic square trigonometric orbit.

Remark 1.1. All the above four decompositions can be deduced from respective
connections with p(X) and ¢(X) (see also [29,30]).

Remark 1.2. Polynomial gs(X) is called the Johannes Kepler polynomial (see [29]
volume IIT). We have X ¢s2(X) = 2T7(X/2) where T%(X) is the seventh Chebyshev
polynomial of the first kind.

Remark 1.3. Let us also notice the unusual similarity between forms of coefficients
of polynomial gs2(X) and the following one

2
X2 -7 47X+ 7= ][] (X— ﬁcot(zka)) -
k=0

2
= — 93— zC ka .
- k];[o (X 3—2¢(2 ))

Sums of the powers of roots of the above polynomial is described by sequence A215575
in Sloane’s OEIS.
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One more polynomial “similar” to polynomial ¢ss(X) will appear in this paper. On
the occasion of discussing the 4-elements orbits rescaling the limit logistic polynomial
gw(x) we will deal with polynomial (see [29] volume I):

3
X4—7X3+14X2_8X+1:]€1:[0(X (2k15))_

= I (x—i(7+(—1)k\/5+(—1)k+l 30+(—1)k6\/5)).

1<k, 1<2

Remark 1.4. In paper [9] the authors have proven that a real analytic function,

o0

whose Maclaurin series expansion has the form ) a,z™, behaves chaotically when-
n=0

ever the following condition holds

a3 — ajaz > 0. (1)

It can be easily observed that all the polynomials presented in this section, and
simultaneously the all ones discussed in this paper, satisfy condition (1), i.e. they
are chaotic.

2. Boundary logistic map (with coefficient 4)

Maps, discussed in this section (functions g, and h,, defined in theorem given
below), have a close connection with the boundary logistic map = — 4z(1 — ) [7].
Let us notice that if we replace coefficient 4 by number a > 4 then the obtained
logistic map is chaotic [11]. Furthermore, this boundary logistic map has no attracting
periodic points.

In the following theorem we present all the n—periodic orbits of functions g,, and
hy for n=1,2,3,4,5,6. We note that since both functions g,, and h,, possess the 3-
periodic orbits, these functions possess also the n—periodic orbits for every n € N (by
Sharkovsky’s Theorem). Unfortunately, we do not know the description of all these
orbits for other n € N. We only suppose that for every positive integer n > 7 both g,
and h,, possess exclusively the n—periodic square trigonometric orbits of the form

{s?(2%z): k=0,1,...,n—1},
where x = x(n) is a rational number (probably x = 575, (r,2" £1) = 1), and
{22%): k=0,1,..,n—1},

where y = y(n) is also a rational number (probably y = w47, (6,2" £1) = 1),
respectively.

Theorem 2.1. Let g, () := ~z(4w—=2) and hy,(z) = %( —x)?%, where w € C\{0}.
(0,4

Then we have g.,([0,4w]) = [0,4w] and h ([0, 4w]) = w], for every w € C, and
the following identities hold
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In the sequel, from these relations we deduce that sets

{ws?(a), ws?(2a), ws*(4a)} and {ws*(B), ws*(26), ws*(48)}
are the 3-periodic orbits of g, and that sets

{wc(a), w?(2a), wc(4a)} and {wc(B), wc*(28), wc*(48)}

are the 3-periodic orbits of hy,. In both cases these are the unique 3—periodic orbits
of these functions.

Hence, from Sharkovsky’s Theorem [3,5,6,15,19] we obtain that g, and h,, possess
the periodic orbits of any finite cardinality.

We note that the given above sets are the only possible 3-periodic orbits of g, and
hq, respectively. Moreover, numbers 0 and 3w are the only fixed points of g.(x),
whereas numbers w and 4w are the only fized points of hy(x), sets

T 5-5 5++5
{ws2(2k5):k20,1}:{w< 5 ),w( 5 >}

o (25). k:o,1}={w<\/52_1> ,w<\/52+1> }

are the only 2-periodic orbits of g, and hy,, respectively (we note that \/5 ¢ (2’“%) =
5% (25FLZ) for every k =0,1), sets

and

{ws*(2%y): k=0,1,...,4} and {wc*(2%y): k=0,1,...,4}

are the 5-periodic orbits of g, and hy,, Tespectively (remaining 5-periodic orbits of hqy,
are presented in Remark 2.4), sets

{ws?(2%6) : k=0,1,...,5} and {wc*(2%8): k=0,1,...,5}

are the 6-periodic orbits of g, and hy,, respectively, and at last, sets

{ws?(2Fe): k= 0,1,2,3}:{%(74r V5 £1/6(5+ Vb)), %(7—\/& \/6(5—V5))}

and

{we(2e) s k=0,1,2,8}={Z(9+ V5= /6(5— V), 7 (0-V5=1/6(5+ V5))}

are the 4-periodic orbits of g, and h,,, respectively.



330 E. Hetmaniok, P. Lorenc, D. Slota and R. Wituta

Function g, possesses additionally two other 4-periodic orbits:

{ws2(2k117) k= 1,2,3,4} and {w82(2k?1)—77r) : k:0,1,2,3}

(all these eight numbers for w = 1 are roots of the following polynomial
28— 1727 + 11925 — 44225 + 935 2% — 112223 + 714 2% — 2042 + 17).

Similarly, function h,, possesses as well two other 4-periodic orbits:

{wc2(2k117) k= 1,2,3,4} and {w02(2k?—77r) : k=0,1,2,3}

(all these eight numbers for w =1 form the set of zeros of polynomial
a8 — 1527 +912°% — 286 2° + 495 2% — 46223 + 21022 — 362 + 1).
Proof. Proof of the second part of theorem results from equalities
s%(8a) = s*(a) and s%*(83) = s*(B)
(we note that
s2(7) T 52(27) T 52 (47) B 52(37) B 57(59) B 57(9),
2(e) ™ 2(20) M 2(4e) e 2(72) M 2 (o).

etc.) and from the following decompositions

g1ogi1ogi1(z) —x=—x(x— 3)psa(z) gsa2(x),
hiohiohi(x) —x = (v — 1) (z — 4) pea(7) ge2(z),
since we have
Juw © Guw © guw (W T) = w g1 © g1 0 g1(z)

and
Ry © hyy © hyy(w ) = why o hy o hy(z).

O

Corollary 2.2. For every positive integer n > 3 both gy, and h, possess the
n—periodic square trigonometric orbits of the form

2(ob_ T ). p=01,..n—1
(6 (2570 ) k= 0L = 11

2(o* T ). k=0,1,..,n—1
{8( 5T k=0,1,..,n—1}

and

{c <2’€ T ) ck=0,1,..,n—1},
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2 (gh_T —0.1,...n—1
{C< on _ 1 k 0)7 ;N }7

respectively. Certainly, these functions may possess also the other n-periodic square
trigonometric orbits which is especially interestingly exhibited in Remark 2.4.

Remark 2.3. Both maps g, and hw|[o 4] A€ transitive. It follows easily from

|[O,4w]
the facts that both sequences {ws (2”96 7r) }ZOZO and {wc (2”96 71')}00_ are dense in
[0, 4w] for almost all © € R. It is a consequence of uniform distribution of the sequence

{2“3:} , for almost all z € R [12].

Remark 2.4. Polynomial hi(z) (and in consequence every h,(x)) possesses addi-
tionally five other 5-periodic orbits:
— the first one:

o = 02(;;) — 3.96386 1% 24 — c2(§3) — 3.85674 % 44 = c2(§g) — 3.447483
Py, = 02(2—7;) —2.09516 % 25 — 52(%) — 0.00905615,

— the second one:

1077)

o1 = CQ(%) — 316011 1 2y = ¢ ( ) = 134586 My = c (13?;) — 0.427894

h T 51
hy = cQ(ﬁ) — 247152 My 4 = 32(66) — 0.222329,
— the third one:

o = 02(;1) — 3.95906 1% 2y —02(2 ) —3.83792 M, 4, _cg(g) — 3.37793

31
Py = cQ(%) — 1.8087 My 4o = 52(5—2) —0.0102614,

— the fourth one:
z —c2(3—”)—364153ﬂ>x —c2(6—7T) 2.69461 1% 25 = s (77)—0482484
=elar) o8 »= N30 P \e/ T

Py = 02(7—7T) —2.30286 "L 45 = s (3”) — 0.0917215,
31 62
— the fifth one:

107
31
h1

By e = CQ(?)—D — 1.49869 11y 75 — 52(22) — 0.251307.

5 9
m=c (3:) = 305793 1wy = (<1 ) = 111921 M 25 = s (Gg) = 0.775788
Elements of the first and second orbit are zeros of polynomial

10 _ 9129 +1882% — 93427 + 2806 2° — 5202 2° +
+ 5809 2% — 3629 2% + 1090 2% — 120z + 1,
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Table 1
Orbits of g1 including sin? (%) for successive odd n > 3, where | := min{k €

N : sin? (2k£) = sin? (i)} denotes the length of every orbit and N := |2 |
n n [
denotes the number of remaining orbits of g1 generated by sin? (%), (ry,n)=1

n I N the orbit of g1 including sin? (Z)
313 {3}
522 {s-£5+f
73 2 {sin? (Z),cos? (32) ,cos? (&)}
9 33 {sin? (§) ,sin® (57) ,cos? (f5) }
115 2 {sin? (1) ,sin® (37 ) ,cos? (33) s cos® (35 ) ,cos® (33) }
136 2 *(§5) sin® (35)  cos® (55) s cos? (3) »sin® (35) ,cos? (5) }
15 4 3 {sin? (&) ,sin? (2F) ,cos? (I%) ,cos? (F5) }
17 4 4 {sin? (%) ,sin? (2Z) ,sin? (1% ) ,cos? (35) }
19 9 2 {sin® (75),sin® (35) ,sin® (35) ,cos? (55 ) ,sin® (35) , cos® (55)
cos (35) ;cos? (55) »cos? (35) }
216 3 ?(37) »sin? (3F) »sin (5) s cos? (55) »sin® (5F)  cos® (43) }
2311 2 {sin? () ,sin? (%) ,sin? (33 ) ,cos? (2) ,cos? (9%) ,cos? (3%),
sin® (35) , cos” (§5) ,sin® (35) » cos® () »cos? (5) }
: 2

2510 2 {sin2 (1),sin2(2”),51112(4”),005 (9”),0052(

27 7)) 27 54 5

cos® (£5) ,cos® () ,cos” (35) }
29 14 2 {51112 (2%),51n2 (Q—g),sin2 (g—g),cos2 (lkr?—gr),(:os2 (g—g),sin2 ‘;—g),
35) »cos? (35) »sin? (55) , cos? (§F) , cos® (55 ) ,cos® (55) ,

315 6
335 6
3512 2

{sin2 (%) ,sin

g—g) , cos? (11—”) , cos? (13—”

whereas the elements of the other three orbits are zeros of polynomial

2 — 29 2™ 4+ 378 213 — 2925 212 4+ 14950 2 — 53130 210 +
+ 134596 2° — 245157 2% + 319770 27 — 293930 25 + 184756 2° —

— 75582 2% + 18564 23 — 238022 + 120z — 1.
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Properties (2) and (3) for the cubic polynomials

We give here a description of all the cubic polynomials satisfying equalities (2) and
(3) for given x = « and separately for given z = f.

Theorem 2.5. Let r(z) = 2®> +ax® + bz +c, a,b,c € C.

a) If
r(w s?(2)) = ws? (2" a), (4)

for every k =0,1,2, where w € C\ {0}, then

1 x
r(z) = 2% - (7w + E) 22+ (14w? +4)z — Tw® = quSQ(E) + guw(z).
Polynomial r(x) is the only one which satisfies condition (4). Set
{ws*(a), ws?(2a), ws*(4a)}

is the 3-periodic orbit of r(x) and r(z) possesses the n-periodic orbits for every
n € N.

b) If

r(wc?(28a)) = we? (2" a), (5)
for every k = 0,1,2, where w € C\ {0}, then
r(z) =2 + ( —-Sw+ %) 22+ (6w —4)r+dw—w® = w?’ch(g) + hy(z).
Polynomial r(z) is the only one which satisfies condition (5). Set
{wc?(a), wc?(2a), w(4a)}

is the 3-periodic orbit of r(x) and r(x) possesses the n-periodic orbits for every
n € N.

c) If
r(w 52(2k5)) =ws?(2M13), (6)

for every k =0,1,2, where w € C\ {0}, then
4 T
r(z) = a3 — (Gw + E) 22+ (4+9uw)r — 3w’ = U)BpSQ(E) + guw(z).

Moreover, r(x) is the only polynomial which satisfies condition (6). Set

{ws?(B), ws?(28), ws?(48)}

is the 3-periodic orbit of r(x) and r(x) possesses the periodic orbits of every finite
cardinality.
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d) If
r(w(2°8)) = wA(25), (7)

for every k = 0,1,2, where w € C\ {0}, then
r(z) =23 + (i - Gw) 22+ (9w? -4z +dw—wd = w3p02(£) + hy(z).
w w
Polynomial r(x) is the only polynomial which satisfies condition (7). Set

{wc?(B), wc*(28), wc(48)}

is the 3-periodic orbit of r(x) and r(x) possesses the periodic orbits of every finite
cardinality.

Remark 2.6. In this case we may put a question whether the reduction of conditions
(4)—(7) influences the description of polynomials r(z)?

3. New types of modified Chebyshev polynomials

Properties (2) and (3) of polynomials g,, and h,, lead in natural way to generating
two new types of the sequences of polynomials {W,, (2)}52, and {V,,(x)}22, defined
by conditions

Wl (2)) = () =473 (“2) 0
and
Vals* () = 2(na) = () U2, (42), )

for every n € NU{0}, where T}, () and U, (z) denote the n-th Chebyshev polynomials
of the first and second kind, respectively. Hence we get

W (22) = 4T3(g),
for every z € R, and
Valo) =2 U2, (1= 7).
for every x € (—o0,4].
It turns out that these polynomials are closely connected with the modified Cheby-
shev polynomials 2, (x) := 2T, (%) (see [32,38]):
Wp(2?) = Q2%(x) = o, (2) + 2 (10)

and
Vi (2?) = (=1)" " 2, (z) + 2, (11)

from which the following identities result
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Wan—1(t) = Van—1(t),

and
W2 (22) + V2, (2?) = 2022 () + 8 = 2 Qg (x) + 12

for every t,x € R. Hence we deduce
)

Wn(l) = Wn(CQ(g)) =c? (ng
=4 (D) - #(07)

E) for odd n,
for even n.

‘/n(l) _ {gzél)%:)c2 (n3

which implies
Obviously one can prove inductively that (10)=(8) and (11)=-(9). Let us present

the proof of implication (11)=-(9)

Proof. From (11) we obtain
(=)W, (53 (x)) = Pon(s(z)) +2(=1)""1 = 2Ty, (sinz) + 2(—1)""!
= 2cos (2 n(z - x)) +2(=1)" ' =2(=1)"cos(2nz) +2(-1)""! =
=2(—=1)"(1 - 2sin*(nz)) + 2(-1)" ' = (=) 's*(nzx)

which implies (9). O
We know that [32]:
2,0+ =0"+07",
for every 8 € C\ {0}, which implies two interesting relations
W ((0+0-12) X2 (g 4 =2 (12)
and )
— 1 n— n -n
Va((0+071)%) "= (=)" (0" = (=0)"™)*. (13)
Moreover, the following decompositions are proven in paper [32]
2n—2
Don1(x) = on1(0+07") = J[ (w—0&* —071¢72F), (14)
k=0

where £ := exp(i7/(2n — 1)), and
2n—1

()" (iw) + Qa0+ 07" = J[ (x— 0 +071¢21), (15)

k=0

where ¢ := exp(i 7/(2n)). It implies, among others, that
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(=" (Wa(=22) = Wa (0 +0712) ) = (~1)" (2enlia) = 0" = 072") =

= (=1)"$2en(iz) = (i0)*" — (10) 72" = (=1)" (i) + (1 ¢)*" + (i1¢H) ™" =
2n—1

_ H (3j —i(6c2 2 4 9—1<—2k—2))’ (16)
k=0
or in “positive” version (z — i x):
2n—1
W, (2?) — W, (6 + 9—1)2) _ H (a: _ g2kt 0—1<—2k—2). (17)
k=0

Similarly we determine

—Va(=2*) + Vo (0 +071)%) = (1), (iz) — (—1)"22,(0 +07") =
= (=1)"Qan(ix) — (=1)"(6°" +072") = (=1)"an (i) + (i ¢O)*" + (i¢O) " =

2n—1

= I (v-i6c®+2—io1c22). (18)
k=0

Recurrence relations for polynomials W,, and V,

The following recurrence relation for §2,,(x) holds (see [30,32]):
Qni2(z) = 2 Qnia (2) — 2n(2)
which implies the two steps recurrence relation [14]:
Dnia@) = (82 = 2) Quya(@) — ula). (19)
Hence we deduce that
Qoni2) (@) +2 = (2% = 2)(Zo(np1) (@) + 2) — (2n(2) +2) —22° + 8,

i.e., by (10),
' Wigo(t) = (t = 2) Wyya(t) — Wi (t) —2t+ 8 (20)

which is the recurrence relation for W, (t). The first eleven polynomials W,, are pre-
sented in Table 2.
Similarly, from (19) one can conclude the relation

Doiny2) +2(=1)" = (2 = 2)(Po(nyn) () +2(-1)") —
— (22n(2) +2(=1)"1) = 2(=1)"a?,

which generates the recurrence relation for V,,():

(=1)" Wapa(t) = (t = 2)(=1)"Vasa (t) = (=1)" 7 Va(t) — 2t (-1)",
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Table 2
Polynomials W,

3

Wh(t)

© 00 N O Ut s W NN = O

—_
[e=]

4
t

4 — 4t 4 12

9t — 62 4 3

4 — 16t + 20t2 — 8t3 4 t*

25t — 502 + 35t% — 10t* + 5

4 — 36t + 105t2 — 112t3 + 54t* — 125 + ¢6

49t — 19612 + 294¢3 — 210t* 4 77t5 — 14t6 +¢7

4 — 64t + 33612 — 6723 + 660t* — 352t° + 1045 — 16¢7 + 18

81t — 540t% + 1386t3 — 1782t* + 1287t> — 54616 + 135¢7 — 18t8 + ¢9

4 — 100t + 825t2 — 2640t3 + 4290t* — 4004t5 + 2275t5 — 800t7 + 170t8 — 20t9 + 10

Table 3
Polynomials V,

3

Vi (t)

© 00 N O Utk W NN = O

Ju—
o

0
t

4t — 12

ot — 6t2 + 3

16t — 20t2 + 8t3 — ¢4

25t — 502 + 35t% — 10t* + 5

36t — 105t2 + 1123 — 54t* 4+ 12t5> — 6

49t — 1962 + 29413 — 210t* + 77t5 — 145 +¢7

64t — 33612 + 672t3 — 660t* + 352t° — 104t + 16t7 — 18

81t — 540t% + 138613 — 1782t + 12875 — 5466 4 135¢7 — 18¢8 + ¢°

100t — 825t2 + 2640t3 — 4290t* 4 4004t® — 2275t5 + 800t” — 170t8 4 20t° — 10

ie.,

The first

Vo (t) = (2 — ) Voy 1 (t) — Vi (t) + 2t (21)

eleven polynomials V,, are given in Table 3.

Let us also notice that polynomials W, (t) and V,,(¢) satisfy many identities of
trigonometric nature compatible with the respective identities of standard trigonom-

etry. For

example, the following one’s hold
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Wi (c*(x)) + Va(s*(x)) = 4,
Wi (c*(2)) Vo (5*(2)) = Van(s*(2)),
(Wi (c?(2)))? + (Va(s*(2)))? = 1 = 2Van(s%(2)),

N
Va(s2(@)) T Warn(¢(2)) = Vansan (s ().
k=0

In particular, we obtain from this the following interesting numerical relations

. ‘/QN+1
lim n H W (1

z—0t

2) H Worn (2) = Vani1,(2),

Wn(2) ; ‘/n(2) =4,
22, (2) = 1 — (Wn(2))” = (Va(2))?,
Wi (0) + Vi (1) = Wi (1) + V, (0) = 4,

which implies

s?(nZ) for odd n,
Wi(0) =4 -V,(1) = {C2§ gg for even n
6 K

2

z—0t Vn (33) B

Moreover, we get

W) =Wa((5)) =2 () =2+ (0 + )P,

™ ™

V@ =Va((3)) = *(nF) =2 = (0" + DDA,
Wi (3) = Wi, (8(%)) = (n%)

i =1 (4(3) - #(05)

which implies

i) = (()) ( D11 Troin

and so on. Simultaneously, from (12) we can deduce that
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Wn(5) = L2n + 27
where L,, denote the n-th Lucas number, since

1 1
0+0 =5 91:‘/5; or 02=‘/52

and by Binet’s formula for L, we have
91271 + 9;271 _ L2n7

for every i = 1,2, and n € N.
Generally we get

Wo(4k) = (Ve +VE—1)" 42+ (VE—vVE—1)""

for k € C, which implies

(i) = () 2 (50

for a,b,c € C, b # 0, and a? + b2 = ¢2. For example, we obtain

() -

262 3\" 2\ \2
w.((5))=(G) +G) )
5 2 + 3
whenever a =5, b =12, ¢ = 13.
At last, let us observe that if

and

(x/5+1)2’“: ar + bx V5

5 5 , ak, bi, k € N,

then
W, (a}) = Lok, + 2.
For example, Wn (9) = L4n + 2; Wn (49) = LSn + 2; Wn (2209) = Llﬁn + 2.

k k
Proof. 1If (@)2 = W then ag,br € 2N — 1 and (—\/52*1)2 = 7‘%*1;& V5 Tt
implies a? —5b7 = 4 and 6 — ax 6 + 1 = 0 which is equivalent to 6 = %’“/5, O

We note also that from (17) we obtain

2n
Wy (0) — Wn((9 + 0_1)2) = H (QC% + 9—1<—2k).

k=1
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Remark 3.1. From relations (8) and (9) it follows that polynomials V,(z), n €
N U {0}, and separately W, (x), n € NU {0}, are not orthogonal on any nontrivial
interval I C R.

However, from (10) and (11) we deduce the following orthogonal relations

2
/ (Wi (2?) = 2) (Wo(2?) — 2)(4 — 2?)"?dz = Npubpmn
—2
with Ng = 4w and N,,, = 27 if m # 0, and
2
/ (Vin(2?) = 2) (Va(2?) = 2)(4 — 2®) 7 2dz = (=1)" " Ny .
-2

More properties of these polynomials, as well as their new applications, we intend to
discuss in a separate paper.

Remark 3.2. (of conceptional nature) Next generalizations of the Chebyshev
polynomials, from among many known ones (see [2]) together with the one discussed in
the current paper, led us to one more kind of questions concerning the generalizations
of these polynomials, this time to the real indices (and even the complex indices). For
example

Te(cosz) =cos(fx), ze€R, £>0.

We note that after simple algebra we get then the following differential equation
(1) T{(t) — t TY(t) 4 ETe(t) = 0.

The idea of proposing that kind of generalization can arise from the connection
of polynomial T;,(x) with the hypergeometric functions and next with their integral
representation (the latter is not necessary, however it enables to analyse better this
generalization). Thus we have (see [1,18]):

1 1—2
Tn(m) :2F1(_n;n;§; 2 )a

for every z € C, and
1
o1 (o, Byy;x) = /tB Y-t~ p- Y1 —ta)~odt,
0

for z,a, 8,7 € C, |arg(1 — x)| < m and Re(y) > Re(B) > 0. By this facts we may take

Te(w)i= 2P (665 75),

l1—z

for every z € C satisfying condition
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Teo) = oA~ 66 5i15),

for £, € C, Re(¢) > 0, % > Re(¢) > 0, ‘arg (HTx)‘ < 7.

Another source of possible generalization of the Chebyshev polynomials can be
found in the inspiring paper [27]. For example, starting from identity

Tn(0 + 9—1) — 9” + o—n,

for 6 € C\ {0}, we can take either the first hyperbolic cosine formula

n

T ( —x(l—f—zx_l [1€ - ce-1?),

k=1

or the second hyperbolic cosine formula

Te(z) = 1+ €2(2? (1+2Z H )

Both formulae are compatible with our hypergeometric ones.

Some other type of generalization of the Chebyshev polynomials is discussed in [2]
(see also [8]).

In the similar manner, i.e. by applying the hypergeometric function, the other
classical orthogonal polynomials can also be generalized, for example the Legendre
polynomials (see [16], page 56):

1 1
Pe@) = oF (= §€+1:Li5 — o),

for —1 < z < 1, which generates the excellent connections with the classical Legendre
polynomials

SinEm a1 1
Pelw) = =253 () =~ erert) @
for £ e R\ Z, z € (—1,1], and
, . o0 N 1 1
Pe(cos8)Pe(cos') = SH;_&T ;}(—1) [f T Tint 1}]—7 (cos0) P, (cos®').
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